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Abstract This work aims at the evaluation of a univariate integral whose integrand
except the weight function is assumed to be analytic inside a region containing the
integration interval as an interior line in the complex plane of the independent vari-
able. The method developed here is based on the idea of fluctuation removal which is
the basic root of fluctuation free integration and Gauss quadratures. To this end, first,
weight function generating subspaces are constructed. Then various possibilities to
use a true weight function in the integration are discussed. All analyses here are for
one node integration although higher order fluctuation removal possibilities are also
restrictedly discussed. Certain illustrative applications are also distributed in side the
sections to support the ideas of the work.

Keywords Univariate integration · Quadrature · Fluctuation free representation ·
Moments · Weight functions · Hilbert spaces

1 Introduction

Since the evaluations of the univariate or multivariate integrals are frequently encoun-
tered tasks in mathematical chemistry, the approximation methods for these purposes
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are important needs to this end. Although there are many standing numerical approxi-
mation techniques for both univariate and multivariate integrations, there is still some
rooms to develop new methods to get higher efficiency and accuracy. Since many mul-
tivariate integration methods are based on the univariate integration it is quite natural
to focus on univariate integration first in the development of a new method. Hence, we
deal with the univariate integrals here and what we will obtain will be applicable to
multivariate integrals by using the multidimensional grids instead of univariate ones.

The method we develop here is somehow based on the fluctuation free integration
which is another way of expressing Gauss quadratures [1–3] via polynomials in terms
of matrix representation approximations. Although we will not get into the details,
it is important to note that for some probabilistic events such as in Nonequilibrium
Statistical Mechanics [4] and Quantum Chemistry [5–8], fluctuations have an impor-
tant place.

The fluctuation free integration [9–17] does not require to use polynomials only. It
can use any appropriate basis function structure although the general tendency is to
use polynomials since a lot of formulae be come quite simple in those cases.

To recall mainlines of the fluctuation free integration we consider a function f (x)

and the Hilbert space [18,19] of functions, H, which are analytic [20] and therefore
square integrable over a finite interval [a, b] and under a given weight function W (x).
We define the inner product of two functions in this space, H, as follows

(g1, g2) ≡
b∫

a

dxW (x)g1(x)g2(x), g1(x), g2(x) ∈ H (1)

where the arguments of the functions in the inner product are not explicitly shown at the
left hand side since x is dummy integration variable of the inner product. We assume
that we have constructed the basis functions spanning H and orthonormalized them if
they are not. The general tendency is to start from a linearly independent complete set
to span the space H and to choose the power set x0, x1, . . . , xn, . . . first and then to
orthonormalize [21–23] them al though this is not the only way to this end. This choice
produces an orthonormal polynomial set. Some other nonpolynomial structures in the
initialization enable us to use nonpolynomial structures [24]. Without specifying the
individual structures we denote the orthonormalized basis functions as follows

U ≡ {ui (x)}∞i=1 ,
(
ui , u j

) = δi, j (2)

where δi, j stands for the Kronecker’s delta symbol which becomes 1 if its subindices
match and vanishes otherwise. This basis set is denumerably infinite hence needs to
be approximated by its following finite truncations

Un ≡ {ui (x)}n
i=1 , n = 1, 2, 3, . . . (3)

which urges us to define the following basis vector function

un(x) ≡ [u1(x) . . . un(x) , ]T n = 1, 2, 3, . . . (4)
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and to write the inner product matrix equality

(
un, uT

n

)
= In, n = 1, 2, 3, . . . (5)

Now we can consider the independent variable operator [9,11] which multiplies its
operand by the independent variable as follows

x̂ g(x) ≡ xg(x), x ∈ [a, b], g ∈ H. (6)

If X(n) denotes the matrix representation of this operator on Hn which is spanned by
Un then we can write

X(n) ≡
(

un, x̂ uT
n

)
, n = 1, 2, 3, . . . (7)

which is another inner product matrix structure.
We can define another algebraic operator [9,11,18] which multiplies its operand

by the value of the function f (x) as follows

f̂ g(x) ≡ f (̂x) g(x) = f (x)g(x), x ∈ [a, b], g ∈ H (8)

which permits us to write the following matrix representation, M(n)
f of this operator

on Hn

M(n)
f ≡

(
un, f̂ uT

n

)
=

(
un, f (̂x) uT

n

)
, n = 1, 2, 3, . . . (9)

The fluctuationlessness theorem [9,11] dictates us that this matrix representation
can be approximated as follows if all transitions, single or consecutively multiple,
between the subspace Hn and its complement, H⊥

n , are ignored

M(n)
f ≈ f

(
X(n)

)
, n = 1, 2, 3, . . . (10)

In plain English, this means that the image of the matrix representation of the inde-
pendent variable operator on Hn under the function f becomes equal to the matrix
representation of f when all contributions involving integrals whose integrands are
related to the single or multiple transitions between the subspace Hn and its comple-
ment to H,H⊥

n are ignored. We call the matrix X(n) Universal Matrix since it does
not depend on the function f and once it is evaluated it can be used indefinitely many
times in function operator matrix representations.

The universal matrix is symmetric and its spectrum is com posed of single real values
located in the interval [a, b] (therefore there is no multiplicity) [9,11]. If we denote the
eigenvalues and corresponding normalized eigenvectors by ξi and xi (i = 1, 2, . . . , n)
respectively then one can write

X(n) =
n∑

i=1

ξi xi xT
i , n = 1, 2, 3, . . . (11)
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which implies

M(n)
f ≈

n∑
i=1

f (ξi ) xi xT
i , n = 1, 2, 3, . . . (12)

Now we can consider the following univariate integral

IW,a,b ( f ) ≡
b∫

a

dxW (x) f (x) (13)

and write

IW,a,b ( f )

=
b∫

a

dxW (x)u1(x) f (x)u1(x) =
b∫

a

dxW (x)u1(x) f (̂x) u1(x)

=
b∫

a

dxW (x)eT
1 u(x) f (̂x) u(x)T e1 = eT

1

⎛
⎝

b∫

a

dxW (x)u(x) f (̂x) u(x)T

⎞
⎠ e1

= eT
1

(
u, f (̂x) uT

)
e1 = eT

1 M(n)
f e1 ≈ eT

1 f
(

X(n)
)

e1 =
n∑

i=1

f (ξi )
(

eT
1 xi

)2
(14)

where e1 stands for the cartesian unit vector whose only nonzero element resides at
the first position, as long as u1(x) is identical to 1. This identicality is a matter of
choice of the first basis function as a constant and requires the integral normalization
of the weight (its integral is assumed to be 1). The result at the rightmost part of (14)
is a quadrature like formula with n values of the function f (x) at the nodes ξ1, . . . , ξn

with the weight parameters which are the squares of the first element squares of the
xi eigenvectors.

Although we have stated that the so-called fluctuation terms are ignored we have
not explicitly recalled these terms. Despite concerned reader can find documents about
these terms it is better to give some brief details. If the function f (x) is expandable
to a Taylor series [22,23,25] which is around a point (say c) of the inter val [a, b] and
converges throughout that interval then we can write

f (x) =
∞∑

i=0

f (i)(c)

i ! (x − c)i (15)
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which means

M(n)
f =

(
un, f (̂x) uT

n

)
=

∞∑
i=0

f (i)(c)

i !
(

un,
(̂
x − cÎ

)i uT
n

)
, n = 1, 2, 3, . . .

(16)

where Î stands for the unit operator. We can define the following matrices whose first
one is the universal matrix

X(n)
i ≡

(
un, x̂ i uT

n

)
, i = 1, 2, 3, . . . n = 1, 2, 3, . . . (17)

and use them to write

(
un,

(̂
x − cÎ

)i uT
n

)
=

i∑
j=0

(
i

j

)
ci− j X(n)

j , i = 1, 2, 3, . . . n = 1, 2, 3, . . .

(18)

which can be rewritten ( f in the superscript being addressing to the word “fluctuation”
and In denoting n × n type unit matrix) as follows

(
un,

(
x̂ − cÎ

)i uT
n

)
=

i∑
j=0

(
i

j

)
ci− j

[
X(n)

] j +
i∑

j=2

(
i

j

)
ci− j X( f,n)

j ,

=
(

X(n) − cIn

)i +
i∑

j=2

(
i

j

)
ci− j X( f,n)

j ,

i = 1, 2, 3, . . . n = 1, 2, 3, . . . (19)

where

X( f,n)
j ≡ X(n)

j −
[
X(n)

] j
, j = 2, 3, 4, . . . n = 1, 2, 3, . . . (20)

which can be called “Fluctuation Matrices” and we have used the fact that (20) pro-
duces zero matrices when j takes values 0 or 1. It is not unique to define a fluctuation
matrix and these ones are a little bit different than the fluctuation mat rices we defined
earlier [9,11]. To emphasize on this fact we can consider the case where j = 2 in the
last identity and write

X( f,n)
2 ≡ X(n)

2 −
[
X(n)

]2 =
(

un, x̂
[

Î − P̂(n)
]

x̂ uT
n

)
, n = 1, 2, 3, . . . (21)
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where P̂(n) stands for the projection operator [9,11] whose explicit form is given
below

P̂(n)g(x) ≡
n∑

i=1

ui (x) (ui , g), g ∈ H, n = 1, 2, 3, . . . (22)

For i = 1, the right hand side of (21) matches first of our relevant previous fluctuation
matrices whose explicit definitions are given below

Φ
(n)
i ≡

(
un, x̂

{[
Î − P̂(n)

]
x̂
}i

uT
n

)
, i = 1, 2, 3, . . . n = 1, 2, 3, . . .

(23)

This does not mean that all X( f,n)
i matrices match these matrices. However, they are

related to each other. For example, one can write the following equality for the new
third fluctuation matrix

X( f,n)
3 ≡ X(n)

3 −
[
X(n)

]3 = Φ
(n)
2 + X(n)Φ

(n)
1 + Φ

(n)
1 X(n), n = 1, 2, 3, . . .

(24)

The other X( f,n)
i matrices can also be ex pressed in similar type formulae. The impor-

tant difference between X( f,n)
i s and Φ

(n)
i s is the number of appearance of the operator[

Î − P̂(n)
]
. It appears exactly i times in Φ

(n)
i while X( f,n)

i is composed of terms each
of which may have a different number of appearance for

[
Î − P̂(n)

]
but even in this

case
[
Î − P̂(n)

]
can appear at most i times in a single additive term.

The operator P̂(n) has the property of being idempotent [9,11] as can be easily
shown. It projects any vector belonging to H to its finite dimensional subspace Hn . If
its operand lies in Hn then it produces the same vector. In other words, it is unit oper-
ator of Hn . Similarly, the operator

[
Î − P̂(n)

]
projects from H to H⊥

n , the orthogonal
complement of Hn to H. It is also a unit operator but now for H⊥

n . The image of a
vector in Hn under the operator x̂ may or may not have components in H⊥

n depending
on its operand. This image is pruned by the operator

[
Î − P̂(n)

]
hence the operator[

Î − P̂(n)
]

x̂ can produce images either zero or lying in H⊥
n . On the other hand the

operator x̂
[
Î − P̂(n)

]
x̂ can produce images having components in both Hn and in its

orthogonal complement H⊥
n depending on its operand. However the fluctuation matri-

ces Φ
(n)
i are the matrix representation of this operator restricted to Hn . Therefore they

reflect the transitions between the subspace Hn and its orthogonal complement. These
transitions are corresponding to the contributions co ming from the basis functions
un+1(x), un+2(x), . . . which become more oscillatory as their subindices increase.
These oscillations give the appearance of quite random changes, or in more correct
word, fluctuations. This is the reason why we call the related matrices “Fluctuation
Matrices”.
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It is not hard to show that the fluctuation matrices de noted by X( f,n)
j s tend to van-

ish as the subspace dimension n grows unboundedly although the rate of diminishing
decelerates as j increases. This can be shown via a norm analysis for more precise
statements and seems to be quite natural since the matrix representation of any power
of x̂ approaches to the same power of the matrix representation of x̂ as the subspace
Hn tends to approach to entire Hilbert space H. This phenomenon can be more clearly
observed when an orthogonal polynomial basis set [9,11] is used. In that case, the
three consecutive term involving recursions are obtained amongst the basis functions
which are orthonormal polynomials. This results in universal matrices whose only
nonzero elements are located at the main diagonal and its two nearest neighbor diago-
nals. Then one can easily show that the first fluctuation matrix X( f,n)

2 has just a single
nonzero element located at the rightmost bottom position [9,11]. As the sub index of
X( f,n)

j , j , increases other lo cations become to be filled by nonzero values to up and left
directions. The norms of these matrices quite small in comparison with corresponding
power of the universal matrix. We do not intend to give more details about these points
here. These can perhaps be used to develop a nonlinear analysis in future works of us
or someones else.

As we have investigated above, the nodes for the fluctuation free integration come
from the spectrum of the universal matrix X(n). This spectrum changes as n varies and
the nodes for n are nested in the nodes for (n +1). Unless the function to be integrated
is not known on these nodes we can not use the fluctuation free integration scheme
as it stands. The locations of the nodes depend not only on n but basis functions,
interval, and weight function. Hence, we may seek some ways to change the weight of
the integral without changing its certain important features like analyticity. This work
somehow tries to do this task.

The paper is organised as follows. Section 2 is devoted to the construction of a sub-
space that we call “Weight Function Generating Subspace”. The one node integration
via orthonormalized power set works for certain restricted values of the single node
under consideration. Section 3 attempts to change this restricted subinterval. Section 4
focuses on nonpolynomial basis functions in the weight function generating subspace
construction. Section 5 finalizes the paper via concluding remarks. The case where
more than one condition are imposed for the above mentioned subspace construc-
tion is given in some details by the companion of this paper [26]. Certain illustrative
implementations are distributed throughout the sections.

2 Single node integration: weight function generators

The main purpose in this paper to construct an approximation scheme having the effi-
ciency of Fluctuation Free Integration which is equivalent to Gauss Quadrature for
polynomial basis set. What we are intending to do for this aim is the construction of
a new weight function and then to use it in the integration to get a quadrature like
formula. To explain our basic idea we start with the simple case having just a single
node where the value of the function to be integrated will be used in the formulae for
simplicity. We will consider the integral as follows
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I =
1∫

0

dx f (x) (25)

where the moments are defined through the following formulae

μi ≡
1∫

0

dxxi = 1

i + 1
, i = 0, 1, . . . (26)

In the one node integration we need to consider just a single node and accompany-
ing weight constant which are denoted by x1 and w1 respectively. The fluctuation free
integration (or Gauss quadrature) dictates us that the following conditions should hold,

w1 = μ̃0, w1x1 = μ̃1 (27)

where the symbols μ̃0 and μ̃1 stand for the first two moments of the unknown weight
function w̃(x) which is somehow considered as the distorted form of the original
constant unit weight function wc(x) = 1 by a scaling factor s(x), that is, ˜w(x) =
wc(x)s(x). We will focus on s(x) here. We want to construct of weight functions in
the Hilbert space of functions which are analytic in a region containing the interval
[0, 1] in the complex plane of the independent variable x . We prefer to deal with a
subspace which contain s (not necessarily composed of them only) weight functions
we need. The subspace we need can be constructed by imposing certain conditions.
However, the positivity everywhere except a finite number of points, which is the
fundamental property of the weight functions, and the inhomegeneous conditions in
(27) are not convenient to this end. On the other hand, we can de rive a homogeneous
condition from the conditions of (27) as follows

μ̃0 =
1∫

0

dxs(x), μ̃1 =
1∫

0

dxs(x)x,

−→ μ̃1

1∫

0

dxs(x) − μ̃0

1∫

0

dxs(x)x = 0

−→ x1

1∫

0

dxs(x) −
1∫

0

dxs(x)x = 0 (28)

We call the last equation “Single Node Weighing Con dition”. We can assume that
the function s(x) is analytic in the analyticity region of the function to be integrated.
This enables us to use Taylor expansions. For symmetry reasons we prefer to use the
expansion at the midpoint of the integration interval. Thus
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s(x) =
∞∑
j=0

s j

(
x − 1

2

) j

(29)

which gives the following relation amongst the coefficients

s(x) =
∞∑
j=0

s j

⎛
⎝x1

1∫

0

dx

(
x − 1

2

) j

−
1∫

0

dx

(
x − 1

2

) j

x

⎞
⎠

=
∞∑
j=0

s j

[
1

2 j ( j + 1)

1 + (−1) j

2

(
x1 − 1

2

)
− 1

2 j+1( j + 2)

1 − (−1) j

2

]
= 0

(30)

The solution of s0 in terms of the remaining coefficients gives

s0 = −
∞∑
j=1

s j

[
1

2 j ( j + 1)

1 + (−1) j

2
− 1

2 j+1( j + 2)

1 − (−1) j

2

(
x1 − 1

2

)−1
]

(31)

which can be used in (29) to eliminate s0 to produce

s(x) =
∞∑
j=1

s j p j (x) (32)

where

p j (x) =
(

x − 1

2

) j

− 1 + (−1) j

2 j+1( j + 1)
+ 1 − (−1) j

2 j+2( j + 2)

(
x1 − 1

2

)−1

,

j = 1, 2, 3, . . . (33)

The root loci of these polynomials should be investigated since the product of their
reciprocals with the function to be integrated will be used as the function of the quad-
rature we want to construct. We will use the follow ing equalities for approximating
the integral

1∫

0

dx f (x) ≡
1∫

0

dxs(x) f̃ (x), f̃ (x) ≡ f (x)

s(x)
(34)

where s(x) and f̃ (x) now will be conside red as the weight and the function to be
integrated. A careful analysis shows that the even degree polynomials in (33) have
node free zeros. They are distributed on a circle centered at the point (1/2, 0) of the
x complex plane with same angles between two consecutive complex roots. The radii
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of these circles are less than 1/2 and tend to be 1/2 as the degree of the polynomial
under consideration increases unboundedly. This means that the even degree p j poly-
nomials’ reciprocals can not be analytic over the entire do main of the integration,
[0, 1].

The odd degree p polynomials above have roots which are again distributed on a
circle centered at the point (1/2, 0) of the x complex plane with same angles between
two consecutive roots. However, this time, the radii of the circles are proportional to
the reciprocal of an odd integer root of the term (x1 − 1/2). This brings analyticity
on the entire integration domain whose extent becomes larger as x1 approaches 1/2.
As a matter of fact, the polynomial p1(x) has the largest analyticity domain for its
reciprocal since its only zero denoted by xz can be expressed as follows

xz = 1

2
− 1

12

(
x1 − 1

2

)−1

(35)

If the node x1 approaches 1/2 from right then xz goes to plus infinity. As x1 gets
apart to the right from this midpoint xz gets smaller and when x1 be comes 2/3 the
root vanishes by destroying the reciprocal analyticity. On the other hand, as x1 gets
apart to the left from the midpoint 1/2, xz starts to grow from minus infinity until it
destroys the reciprocal analyticity at x1’s value of 1/3 where xz vanishes. All these
mean that p1(x) can be used as a weight function for x1 ∈ ( 1

3 , 2
3

)
. Al though this

interval gives the weight function character to p1(x) it is safer to use a narrower x1
subinter val centered at the midpoint 1/2 for better quality in fluctuation free integra-
tion. The larger analyticity do main the better efficiency in the use of the fluctuation
free integration. Figure 1 depicts the normalized form of first polynomial ba sis func-
tion in the [0, 1] interval for the weight function constructed above for several nodal
values. As can be noticed immediately the line segments remain positive for all x
values as long as x1 remains between 1/3 and 2/3. The color ing used to distinguish
the plots are also given through legend property of the plotting. This figure implies
that normalized form of p1(x) can be used as a weight for nodal values between 1/3
and 2/3 exclusive. The next figure, Fig. 2, depicts the even degree polynomials for
the degrees 2, 4, 6, 8, 10 with different colors given through the legend of the figure.

Principle Weight, x1=0.50
Principle Weight, x1=0.58
Principle Weight, x1=0.66
Principle Weight, x1=0.42
Principle Weight, x1=0.34
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Fig. 1 The variations of the principal weight polynomial for several nodal values
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Fig. 2 The variations of the second, fourth, sixth, eighth and tenth polynomial from the weight generating
subspace

Third Weight, x1=0.50
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Third Weight, x1=0.66
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Third Weight, x1=0.34
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Fig. 3 The variations of the third polynomial from the weight generating subspace for several nodal values

Since the integral of these polynomials are equal to 0 in the interval [0, 1], they can not
be normalized in this interval, so that they can not be used as weight functions. The
third figure (Fig. 3) depicts the normalized form of third polynomial in [0, 1] interval
for the same nodal values as in Fig. 1 with the same coloring. The lack of positivity
everywhere is apparent for all function plots corresponding to some different nodal
values. However, there seems to be some subinterval for x1, where the polynomial is
positive everywhere throughout the inter val.

We call the subspace spanned by p polynomials “First Order Single Node Weight
Generators”. As we have noticed above these polynomials except the first one are
not positive for all x1 values between 1/3 and 2/3 exclusive. However, the positiv-
ity of the first polynomial for this open interval of the node, is sufficient to create
new polynomials which remain positive between 1/3 and 2/3 exclusive. Towards
this goal certain linear combinations containing p1(x) amongst p polynomials can be
constructed although we do not in tend to give details here. Thus we can state that a
denumerable infinite number of basis function can be constructed for this subspace.
Then, certain linear combinations which can be constructed in accordance with the
needs can be used for approximate integration. This is a quite comprehensive issue
and we suffice to use only the first polynomial p1(x) we call “Principal Weight Gene
rator”for the first order single node quadrature. Another important issue is the integral
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normalization. We will approximate the integral under consideration as follows (as
we mentioned above)

I =
1∫

0

dxp1(x)

[
f (x)

p1(x)

]
(36)

where we have had to consider the reciprocal of p1(x) as a part of the function to
be integrated to be able to use p1(x) as a weight function. This may work as long
as the reciprocal of p1(x) remains analytic everywhere in the interval [0, 1] since the
requirement for being analytic in a region containing this integration interval as an
interior subregion in the comp lex plane of x is fulfilled. According to our analyses
above this property happens to exist and therefore we can approximate (36) as follows
by using the single node fluctuation free integration under the weight p1(x)

I ≈ 1

p1 (x1)
f (x1) (37)

which means that the reciprocal of p1 (x1), which is guaranteed to be positive takes
the duty of one node integration weight constant. Since the equality in (36) is invariant
under the scaling of the function p1(x), we prefer to normalize p1(x) to make unit
its integral between 0 and 1. We can denote the resulting function by w1(x) for our
further analyses. Due to particular structure of p1(x) it is exactly same as w1(x). Thus,
we can write

I ≈ 1

w1 (x1)
f (x1) (38)

Figure 4 contains the exact and approximate integrals of the function exp(αx). The
approximate integrals obtained using (37) are for x1 = 0.42, 0.50, 0.58, 0.60. They
are depicted against the α values between 0 and 2. Same plotting for α values between
2 and 7 are depicted in Fig. 5.
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Fig. 4 The exact and approximate values of the integrals of exp(αx) versus α values from 0 to 2
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Fig. 5 The exact and approximate values of the integrals of exp(αx) versus α values from 2 to 7
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Fig. 6 The exact and approximate values of the integrals of exp(−αx) versus α values from 0 to 2
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Fig. 7 The exact and approximate values of the integrals of exp(−αx) versus α values from 2 to 7

These plots are constructed for monotously increasing functions to understand what
happens when the curvature of the function to be integrated increases. We could equiv-
alently investigate the case of monotously decreasing functions in the same way. The
Figs. 6 and 7 are designed to this end by using the function exp(−αx) for various α

values.
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What we have extracted from these plots can be itemized as follows
1. If α is approaches 0 then the exponential function under consideration tends to be

constant unit function. In that case the nodal value x1 = 0.50 produces the best
approximation which matches the exact integral. This can be generalized as the
conclusion “flat (almost constant)”functions can be characterized by the nodes in
the close vicinity of x1 = 0.50. That is, the nodes around the midpoint produce
the best approximation to the flat function integrations.

2. As α increases from 0 the curvature of the exponential function grows. The
required node for the best integral value moves from the midpoint to the right.
This means that we can expect high qualities from the one node integration for
the functions with high curvature and monotonous increasing feature, by using
nodal points close to 1.

3. As α decreases from 0 the curvature of the exponential function increases with a
monotonous decrease. The required node for the best integral value moves from
the midpoint to the left. This means that we can expect high qualities from the one
node integration for the functions with high curvature and monotonous decreasing
feature, by using nodal points close to 0.

4. If the function under consideration is known nowhere except the node x1 then
there is nothing to do with the se formulation beyond using the formula given
by (37). However we can say something qualitative about the approximation
performance if we have some extra qualitative information about the function.

5. If the function under consideration is analytically known everywhere then it
becomes flexible to choose best x1 nodal value to get best approximation. The
location of x1 for best integration is not universal, it changes from function to
function. To find the best location is a function dependent comprehensive issue
we find out of the scope of this paper.

3 Changing the one node fundamental interval

The analysis in the previous section shows that x1 can take values from only one third
of the entire interval. This is of course an undesired situation and should be removed
to get more practical applicability. As we found the method we have developed until
now uses the open interval (1/3, 2/3) as the largest interval possibility. However, for
the sake of larger reciprocal analyticity we prefer to use some interior subinterval,

say
[
x ( min)

1 , x (max)
1

]
. Fortunately this is possible. We have used unit constant weight

function in the previous section although we do not have to do so in fact. We can
transform the integration variable and rewrite integral under consideration as follows

I =
1∫

0

dx(k + 1)xk f
(

1 − xk+1
)

(39)

where we have used the transformation x → 1 − xk+1 for a nonnegative integer value
of k. The function W (x) defined below can be considered as a weight since it has all
features of a weight function in the interval [0, 1]
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W (x) ≡ (k + 1)xk, k = 0, 1, 2, . . . (40)

which includes the unit constant weight as a particular case. If the only value of
function f to be used in integration is at the node where x = x1 then the one node
fluctuation free integration’s node is located at x = x̃1 which is related to x1 through
the equality

x̃1 ≡ (1 − x1)
1

k+1 , k = 0, 1, 2, . . . (41)

We are going to try to find the region for x1 to produce a desired reciprocal analyticity
domain.

We can write the new form of (28) for this weight as follows

μ̃0 =
1∫

0

dxW (x)s(x), μ̃1 =
1∫

0

dxW (x)s(x)x,

−→ μ̃1

1∫

0

dxW (x)s(x) − μ̃0

1∫

0

dxW (x)s(x)x = 0

−→ x̃1

1∫

0

dxW (x)s(x) −
1∫

0

W (x)dxs(x)x = 0 (42)

where (29) maintains its validity while (30) should take the following form

s(x) =
∞∑
j=0

s j

⎛
⎝x̃1

1∫

0

dxW (x)

(
x − 1

2

) j

−
1∫

0

dxW (x)

(
x − 1

2

) j

x

⎞
⎠ (43)

If we define

σ j =
⎛
⎝x̃1

1∫

0

dxW (x)

(
x − 1

2

) j

−
1∫

0

dxW (x)

(
x − 1

2

) j

x

⎞
⎠ ,

j = 0, 1, 2, . . . (44)

then we can solve s0 in terms of other si coefficients as follows

s0 = −
∞∑
j=1

s j
σ j

σ0
(45)
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which can be used in (43) for the elimination of s0 to get

s(x) =
∞∑
j=1

s j p j (x) (46)

where

p j (x) =
(

x − 1

2

) j

− σ j

σ0
, j = 1, 2, 3, . . . (47)

σ coefficients in the above analysis can be analytically determined although we do not
give their explicit structures since we do not intend to deal with p polynomials except
the first one as we did before. Since the evaluation of p1(x) necessitates σ0 and σ1 we
give them explicitly below

σ0 = x̃1 − k + 1

k + 2
, σ1 = k

2(k + 2)
σ0 − k + 1

(k + 2)2(k + 3)
. (48)

These formulae enable us to write

p1(x, x̃1, k) = x − 1

2
− k

2(k + 2)
+ k + 1

(k + 2)(k + 3) [(k + 2)̃x1 − (k + 1)]
(49)

whose zero xz (x1, k) is explicitly given be low

xz (̃x1, k) = 1

2
+ k

2(k + 2)
− k + 1

(k + 2)(k + 3) [ (k + 2)̃x1 − (k + 1) ]
(50)

which should satisfy the following inequalities

xz (̃x1, k) >
1

2
+ ρ, xz (̃x1, k) <

1

2
− ρ (51)

where ρ stands for the radius of the circle centered at x = 1/2, which defines the
reciprocal analyticity domain. The simultaneous solutions of these inequalities al low
us to find analytic solutions whose explicit structures in terms of k and ρ are given
below by skipping the intermediate algebra

x̃ ( min)
1 (k, ρ) < x̃1 < x̃ (max)

1 (k, ρ) (52)

where

x̃ (max)
1 (k, ρ) ≡ (k + 1) [(2ρ + 1) k + (6ρ + 1)]

(k + 3) [(2ρ + 1) k + 4ρ]
(53)

x̃ ( min)
1 (k, ρ) ≡ (k + 1) [(2ρ − 1) k + (6ρ − 1)]

(k + 3) [(2ρ − 1) k + 4ρ]
(54)
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which enable us to write

1 − x̃ (max)
1 (k, ρ)k+1 < x1 < 1 − x̃ ( min)

1 (k, ρ)k+1. (55)

These bounds for x1 get closer and approach a common limit which is 1−e−2 (greater
than 0.86466 in decimal digits after the fifth one), where e is the base of the natural
logarithm, as k goes to infinity. All this analysis shows that it is possible to change
the reciprocal analyticity interval by using appropriate co ordinate transformations.
We have used the integer powers of the independent variable here as weights. This
enforced the reciprocal analyticity interval to shift right. If we would use

I =
1∫

0

dx(k + 1)xk f
(

xk+1
)

(56)

then we would shift the reciprocal analyticity interval to the left for each k and ρ val-
ues and what we would immediately notice that these intervals would get closer and
approach the common limit e−2 (less than 0.135336 in decimal digits after the fifth
one). This interval extension and/or shift completely depends on the structure of the
weight function W (x) coming from the transformation we used in the integral. The
important property of the weight functions here is the fact that they increase from either
left or right endpoint of the integration interval here. The rate of the increase deter-
mines the amount of the shifting to the left or right. Hence, one can seek appropriate
weight functions to shift the reciprocal analyticity interval to the desired position with
the accompaniment of the interval contraction. We have not performed a sufficiently
detailed analysis to find whether it is possible to get access to endpoints. In other words
here it seems to be possible to find map pings enabling us to use almost entire region
of the integration interval for x1 nodal value. Nevertheless, we have shown that we
can deal with the nodes satisfying e−2 < x1 < 1 − e−2 inequalities. We find all the
remaining issues like to find weight functions constructing larger domains out of the
scope of this paper although they may be considered as interesting for mathematical
point of view.

Now, in the light of above discussions, the one node integration formulae given in
(37) and (38) remain valid for these cases as long as the restrictions given for x1 in
this section are not destroyed and this sections’ structures for p1 and w1 are used.

4 Nonpolynomial weight function generators

In the previous sections we have focused on the construction of polynomial weight
function generators. Our at tempts revealed the fact that it is impossible to construct
polynomials remaining positive at every point of the interval [0, 1] for the nodal
value x1. All the polynomials of the first order weight function generators satisfy the
single fluctuation removal condition but it is impossible to find a polynomial which
behaves as a weight function for all x1 values between 0 and 1 inclusive. This quite
restricted situation is however peculiar to the polynomial structures. We will show that
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it is possible to construct a nonpolynomial structure which is a power series in fact,
and, can be used as a weight function for all x1 values between 0 and 1 inclusive. We
may choose the function s(x) as follows

s(x, ν) ≡ e
ν
(

x− 1
2

)
(57)

where ν is assumed to be a real value. First order fluctuation removal condition dictates
us that

(
x1 − 1

2

) 1∫

0

dxs(x, ν) −
1∫

0

dxs(x, ν)

(
x − 1

2

)

=
(

x1 − 1

2

) 1∫

0

dxe
ν
(

x− 1
2

)
−

1∫

0

dxe
ν
(

x− 1
2

) (
x − 1

2

)

=
(

x1 − 1

2
+ 1

ν

)
2

ν
sinh

(ν

2

)
− 1

ν
cosh

(ν

2

)
= 0 (58)

whose analytic solution for ν in terms of x1 is almost impossible. However we can
give numerical solution as the inverse of the function presented in Fig. 8. As can be
easily noticed x1 nodal values vary between 0 and 1 inclusive as ν moves from left to
right on the real axis. The endpoints where x1 becomes either 0 or 1 correspond the
minus and plus infinite limits of the ν parameter. This is somehow an expected result
since we have lived the trouble for getting the interval endpoint values of x1 into the
reciprocal analyticity domain. In fact, it corresponds to the singularities of the end
points in quadratures which are generally constructed for open intervals. The interest-
ing thing here is the one to one correspondence between x1 and ν and the coverage
of the entire domain of the nodal values. This is just a single example which reveals
the fact that one can construct infinite series by using infinite linear combinations
(exponential function has a such structure) in the weight generator subspace. We do
not intend to at tempt a rigorous analysis for these types construction here since our
purpose was just to show the possibility of constructing weight functions covering for
all possible nodal values. However, we will use this weight in the companion of this
paper to get more sophistication.

Figure 9 contains the exact and approximate integrals of the function exp(αx).
The approximate integrals obtained using (37) are for ν = 0.5, 1.0, 1.5, 2.0. They are
depicted against the α values between 0 and 2. Same plotting for α values between
2 and 7 are depicted in Fig. 10.The approximate integrals obtained using (37) are for
ν = 5.0, 8.0, 9.0, 10.0. As it is seen from the figures, as curvature of the function
increases, we have to use a larger ν value in the weight function.

The Figs. 11 and 12 are designed to this end by using the function exp(−αx) for
various α values.The approximate integrals obtained using (37) are for ν = −0.5,

−1.0,−1.5,−2.0 and ν = −2.5,−4.0,−6.0,−10.0 respectively. This shows us, for
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x1 as a function of nu
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Fig. 8 The variation of x1 nodal parameter values with ν exponential parameter values
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Fig. 9 The exact and approximate values of the integrals of exp(αx) versus α values from 0 to 2
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Fig. 10 The exact and approximate values of the integrals of exp(αx) versus α values from 2 to 7

functions with negative arguments, ν parameter must have negative values and as cur-
vature of the function increases with a monotonous decrease, the absolute value of ν

parameter given in the weight function has to be larger.
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Fig. 11 The exact and approximate values of the integrals of exp(−αx) versus α values from 0 to 2
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Fig. 12 The exact and approximate values of the integrals of exp(−αx) versus α values from 2 to 7

5 Concluding remarks

In this work, we have tried to construct a specific subspace in the Hilbert space, to
which the functions to be integrated belong, such that the elements of this subspace
can be used if they are true weights. In this way we could be able to change the weight
of the integration at the expense of appearing a new reciprocal factor in the function
to be integrated. Our efforts have been not to destroy the analyticity properties of the
function to be integrated. This enables us to change the location of the single node
under consideration. However we observed that polynomial structures bring restric-
tions on the location of the single node under consideration. We have found the way
to get rid of this unpleasant situation by using nonpolynomial structures. The expo-
nential weight seem to be a very productive candidate to this end. The companion
of this paper uses this weight comprehensively to increase the efficiency of one node
fluctuation free integration. There, we give the formulation of one node fluctuation
free integration under more than one (many) linear homogeneous conditions.

Practically speaking, the location of the single node seems to be very important due
to the results of our various implementations, and, those locations are not universal,
depending on the nature of the function to be integrated. From function to function, a
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given node may require many conditions to be imposed for weight function generating
subspace construction as we present in the companion paper.
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26. A. Kurşunlu, M. Demiralp, J. Math. Chem. doi:10.1007/s10910-010-9750-y

123

http://mathworld.wolfram.com/GaussianQuadrature.html
http://mathworld.wolfram.com/GaussianQuadrature.html
http://dx.doi.org/10.1007/s10910-009-9657-7
http://mathworld.wolfram.com/HilbertSpace.html
http://mathworld.wolfram.com/HilbertSpace.html
http://dx.doi.org/10.1007/s10910-010-9750-y

	A fluctuation removal based univariate integration over prescribed nodes: certain important aspects of one node fluctuation free integration
	Abstract
	1 Introduction
	2 Single node integration: weight function generators
	3 Changing the one node fundamental interval
	4 Nonpolynomial weight function generators
	5 Concluding remarks
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


